Abstract. The non-existence is proved of four-dimensional mod 2 semisimple representations of Gal (Q/Q) which are unramified outside 2.
Introduction
Let G Q be the absolute Galois group Gal (Q/Q) of the rational number field Q and F p an algebraic closure of the finite prime field F p of p elements. In this paper, we prove the following:
Theorem. There exist no semisimple Galois representations
which are unramified outside 2 and such that the field K/Q corresponding to the kernel of ρ is totally real.
The Theorem settles a special case of a conjecture of Ash-Sinnott ( [2] ) and of Ash-Doud-Pollack ( [1] ), in the same way as Tate's non-existence theorem in the two-dimensional case ( [9] ) settled a special case of Serre's conjecture ( [8] ). Let us recall the conjecture: Let ρ : G Q → GL n (F p ) be a continuous semisimple representation. They assume that the image of a complex conjugation by ρ satisfies the parity condition that it is conjugate to ±diag(1, −1, 1, −1, . . .); thus in characteristic 2 it is the identity matrix. Then they conjecture that ρ comes from a cohomology eigenclass in the cohomology group H * (Γ 0 (N ), V (ε)) of the congruence subgroup Γ 0 (N ) of SL n (Z) with coefficient module V (ε), which is a finite-dimensional F p -vector space constructed from certain data derived from ρ. Here N is the Artin conductor of ρ outside p and ε :
is the Nebentype character associated with ρ. This is a higher dimensional generalization of Serre's conjecture ( [8] ). We look at the case p = 2, n = 3, 4, and N = 1. Note that, if p = 2, the parity condition means that the field corresponding to Ker (ρ) is totally real (i.e., ρ is unramified at the infinite place). Our theorem states that a ρ as in the conjecture does not exist so that the conjecture is true. Khare ([5] ) proved the N = 1 case of Serre's conjecture. In his proof, Tate's result ( [9] for p = 2) and some others ( [8] for p = 3, [3] for p = 5) were used as the first step of a kind of induction on the prime p. Thus our result is expected to play the same role as Tate's in the four-dimensional case.
In [6] , the author proved the finiteness of the set of isomorphism classes of semisimple representations as in the above Theorem. In the present paper, we prove that the set is in fact empty, employing basically the same method but with the help of Odlyzko's precise table of discriminant bounds and some group theory as new ingredients.
Proof of the Theorem
The non-existence of four-dimensional semisimple representations is reduced to the non-existence of irreducible representations of dimension less than or equal to 4. By the result of Tate ( [9] ), it is sufficient to show that there are no irreducible three-and four-dimensional representations. So in the following, let ρ : G Q → GL n (F 2 ) be a three-or four-dimensional irreducible representation unramified outside 2.
The key to the proof is the comparison of two kinds of inequalities of the opposite direction for the discriminant of the field corresponding the Ker(ρ).
We estimate the discriminant from above in terms of the invariant "p-length" of the Galois group Im(ρ). Let us recall the definition ([6]):
Definition. Let G be a finite group and l a positive integer. We say that G has p-length ≤ l if there exists a sequence of subgroups
and
Then we obtained the following estimation: 
Since the p-Sylow subgroup of a finite subgroup of GL n (F p ) is conjugate to a subgroup of the group of all upper triangular matrices with 1 on the diagonal, we remark the p-length of GL n (F p ) is less than or equal to log 2 n , where α denotes the integer satisfying α ≤ α ≤ α + 1 (cf. [6] , §3). Since n = 3, 4 now, our G = Im(ρ) has 2-length ≤ 2.
In the other direction, we use the lower bound for discriminants by Odlyzko ( [7] ). In particular, for totally real fields K with n = [K : Q], we have
Now we prove the non-existence of ρ. Let K be the corresponding field to Ker (ρ). Let n = [K : Q] and G := Im(ρ). By the remark after the Proposition, G has 2-length ≤ 2. If G has 2-length 0, then K is tamely ramified at 2 so that the discriminant d K satisfies
Comparing with the Odlyzko bound, we have a contradiction if n ≥ 2. If G has 2-length 1, then the Proposition says that d K satisfies
Comparing with the Odlyzko bound, we have a contradiction if n ≥ 7. Since the only non-abelian group S 3 of order < 7 has irreducible representations only of dimension 1 and 2, such a ρ does not exist. If G has 2-length 2, we have
Comparing with the Odlyzko bound, we have a contradiction if n ≥ 44. Since the 2-Sylow group of G is non-abelian, the 2-part of the order of G is greater than or equal to 8. Also, G is not a 2-group because a p-group has no non-trivial irreducible representations in characteristic p. Therefore, if n < 44, the order of G is 8 · 3 or 8 · 5. Then the 2-Sylow subgroup has index 3 or 5, and there should be a finite extension K/Q of degree 3 or 5 unramified outside 2. However, there are no such extensions ( [4] ). Hence we obtain contradictions.
